

























The effect of topology on the conformations of ring polymers
M. Lang, J. Fischer, and J.-U. Sommer
Abstract
The bond fluctuation method is used to simulate both non-concatenated entangled and in-
terpenetrating melts of ring polymers. We find that the swelling of interpenetrating rings upon
dilution follows the same laws as for linear chains. Knotting and linking probabilities of ring
polymers in semi-dilute solution are analyzed using the HOMFLY polynomial. We find an ex-
ponential decay of the knotting probability of rings. The correlation length of the semi-dilute
solution can be used to superimpose knotting data at different concentrations. A power law
dependence fn ∼ φR
2 ∼ φ0.77N for the average number fn of linked rings per ring at concen-
trations larger than the overlap volume fraction of rings φ∗ is determined from the simulation
data. The fraction of non-concatenated rings displays an exponential decay POO ∼ exp(−fn),
which indicates fn to provide the entropic effort for not forming concatenated conformations.
Based upon this results we find four different regimes for the conformations of rings in melts
that are separated by a critical lengths NOO, NC and N
∗. NOO describes the onset of the
effect of non-concatenation below which topological effects are not important, NC is the cross-
over between weak and strong compression of rings, and N∗ is defined by the cross-over from
a non-concatenation contribution fn ∼ φR
2 to an overlap dominated concatenation contribu-
tion fn ∼ φN
1/2 at N > N∗. For NOO < N < NC , the scaling of ring sizes R ∼ N
2/5
results from balancing non-concatenation with weak compression of rings. For NC < N < N
∗,
non-concatenation and strong compression imply R ∼ N3/8. Our simulation data for non-




Even though ring polymers have an extremely simple structure similar to linear chains
but without ends, there are still many unsolved questions concerning their properties
in concentrated solutions or melts. The main reason for the difficulty to describe ring
polymers lies in the fixed topological state of each individual ring and the topological in-
teractions with overlapping molecules. The topology and classification of individual rings
in terms of “knots” is a long standing problem in science ranging from early discussions
on the nature of atoms [1] and mathematics [2] to applications in modern science [3].
This is an important point, since for polymers it is known, for instance, that the knot
type affects swelling, collapse and average size of a ring polymer [4, 5].
Overlapping rings can also form permanently entwinned states or “links”. It was sug-
gested that giant aggregates of such entwinned rings could form based on topological
connectivity only, so called Olympic gels [6–8], which might allow to directly measure
the entanglement contribution to elasticity. Simulations of melts of rings showed that
topological interactions mutually compress the conformations of overlapping rings [9–13].
Cates and Deutsch (CD) conjectured that this compression might lead to a scaling of
ring size Rg ∼ N
2/5 somewhere in between fully collapsed and ideal conformations [14].
Such a behavior is possible, since in melts, excluded volume interactions are typically
screened and thus, topological constraints, which are often incorporated into the effects
of excluded volume, become important. Therefore, the effect of topology, unlike the
excluded volume effects in other situations, does not lead to a simplification or ideal-
ization of ring conformations, when bringing rings into overlap. The basic argument in
the CD-model is that all overlapping rings which could interpenetrate in the absence of
topological constraints are rejected from the volume of gyration of an individual ring in
the case of non-interpenetration. The corresponding free energy effort is balanced by
the free energy penalty arising from confining an ideal linear chain without taking into
account topology. Recent simulation studies suggest that the conjecture of CD is only
characteristic of an intermediate regime before the scaling of ring size crosses over to a
compact state Rg ∼ N
ν with ν close to 1/3 as summarized in Fig. 1 of Ref. [15]. A
similar cross-over has been predicted recently [16] by proposing a model that needs to
make assumptions on the nature of the knotting and the non-concatenation constraint
that enter in the free energy of a polymer ring in melt.
It is the goal of the present work to clarify the assumptions made in the above works
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concerning non-concatenation and knotting for a better understanding of the effect of
topology onto the conformations of rings in melt. In the present work, we study both
solutions of entangled non-concatenated rings and interpenetrating rings spanning the
regime between dilute to melt concentrations using the bond fluctuation method. We
analyze conformations in both types of ring-solutions and determine the linking and
knotting probabilities as a function of concentration and degree of polymerization. These
results are then combined with previous work on knotting of rings [4, 5] in order to
estimate the conformations of on rings in melts of rings and linear chains.
II. SIMULATION METHODS AND SIMULATED SYSTEMS
We use the bond-fluctuation model (BFM) [17] to simulate solutions of ring polymers.
This method was chosen, since it is known to reproduce conformational properties and
dynamics of semi-dilute solutions [18] and polymer networks [19–21]. In this method,
each monomer is represented by a cube occupying eight lattice sites on a cubic lattice.
In the standard definition of this algorithm, the bonds between monomers are restricted
to a set of 108 bond vectors which ensure cut-avoidance of polymer strands by checking
for excluded volume. Monomer motion is modeled by random jumps to one of the six
nearest lattice positions. A move is accepted, if the bonds connecting to the new position
are still within the set of bond vectors and if no monomers overlap. All samples of
the present study were created in simulation boxes with periodic bondary conditions.
Athermal solvent is treated implicitly by empty lattice sites.
In the present work, we use this method to create solutions of non-concatenated rings.
Additionally, we perform simulations where we allow for moves diagonal to the lattice
axis. This switches off all entanglements, while excluded volume interactions are mainly
unaffected. In consequence, the rings can interpenetrate each other to form concatenated
conformations. In order to clarify the differences between both series of samples, we
call them interpentrating and non-interpenetrating throughout this work. In both cases,
relaxation of the rings was monitored by the autocorrelation function of the vectors
connecting opposite monomers of a ring. All samples were relaxed several relaxation
times of the ring polymers. Afterward, chain conformations were analyzed from snapshots
of the ring solutions from a very long simulation run. The error of the data points was
computed by the total number of statistically independent conformations available.
For the analysis of topology, monomer motion in the interpenetrating samples was
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slowly switched back to motion along the lattice axis in order to remove states in which
pairs of bond vectors are intersecting each other. Then, rings were first simplified at con-
served topology and regular projections of any pair of overlapping rings were determined
as described in [22]. Finally, the Gauss code of the projection was computed and the
types of knots and pairwise links formed were analyzed using the Skein-Template algo-
rithm of Gouesbet et al. [23] based upon the HOMFLY-polynomial [24]. Note that in the
present paper we restricted the analysis to permanent entanglements between pairs of
rings. Brunnian links (permanent entanglements that cannot be detected by a pairwise
analysis of rings) as for instance, the Borromean rings [2] cannot be detected by this
approach. The data of previous work [25] shows that this simplification should affect the
results of the present study by less than 5%, which is in the range of the accuracy of the
individual data points.
We ran an array of different interpenetrating and non-interpenetrating samples with
degrees of polymerization N =16, 32, 64, 128, 192, 256, 384, 512, 768, and 1024 and
polymer volume fractions of φ = 0.5, 0.375, 0.25, 0.1875, 0.125, 0.0625, and 0.03125. The
numbers of rings per sample varied from 512 to 4096 resulting in a simulation box size
between 1283 to 5123 lattice sites.
III. CONFORMATIONS OF RING POLYMERS
The conformations of ideal (no excluded volume and no entanglements) rings of N
segments are fully described by random walks that return to the origin. The situation is
more complex for real ring polymers, since the fixed topological state of the molecules [5]
and excluded volume affect the statistical properties of the ring conformations. However,
the main properties of excluded volume for linear polymers are expected to be valid also
for unknotted ring polymers [26], since the length at which knotting becomes important
is typically large [4] as we also show in section IV.
Let us define the overlap volume fraction as the volume fraction of a polymer in its
own radius of gyration in good solvent Rg0 according to
φ∗ = N/R3g0 . (III.1)
At polymer volume fractions φ & φ∗, both interpenetrating and non-interpenetrating
rings mutually compress each other. For interpenetrating rings, compression is driven by
screening of excluded volume effects and a corresponding change of the blob size ξ. For
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non-interpenetrating rings topological interactions (exclusion of interpenetrating states)
have to be taken in into account. Let
Rg0 ≈ bN
ν0 for φ ≪ φ∗ (III.2)
with ν0 ≈ 0.587597(7) [27] denote the size of the swollen rings in good solvent and
Rg ≈ bN
ν for φ ≫ φ∗ (III.3)
is the size of rings in semi-dilute solution. Since the overlap-concentration is related to
























Different values for the exponent ν are suggested in literature to describe the size R ≈
bNν of interpenetrating (ν = 1/2) or non-interpenetrating (ν = 2/5, 1/3) rings in melt













φ−0.115 for ν = 1/2
φ−0.25 for ν = 2/5
φ−0.33 for ν = 1/3
(III.6)
Here, the first case corresponds to interpenetrating rings and is equivalent with the be-
havior of linear chains in semi-dilute solutions [6]. The other two cases correspond to the
two suggested regimes of the non-interpenetrating rings.
In Figure III.1, we present the simulation data both for interpenetrating rings and non-
interpenetrating rings. The interpenetrating rings show an apparent exponent (dashed
blue line) of x ≈ −0.13 for φ > φ∗, which is close to the above prediction. The data
of non-interpenetrating rings (red line) show a clearly different exponent of x ≈ −0.21,
which agrees best with the prediction of CD [14] for the available molecular data. Based
upon the data of Figure III.1 one might argue that this could be a continuous transition
between fully swollen and fully compressed conformations. But this rather narrow regime
as function of φ/φ∗ stretches out to about one decade as function of N . Furthermore, a
stronger φ dependence cannot be excluded for larger φ/φ∗, as indicated by the data point






















Figure III.1: (color online) The size of interpenetrating (full symbols) and non-interpenetrating
(open symbols) ring molecules in solution. The error of the data points is clearly below symbol
size. The red and blue lines represent fits to the interpenetrating and non-interpenetrating rings
at φ ≫ φ∗.
IV. KNOTTING AND LINKING PROBABILITIES
In this section, we investigate only interpenetrating solutions of rings. Self-
entanglements of individual rings are discussed in terms of a knotting probability, 1−PO,
while concatenation with overlapping rings is analyzed by a linking probability, 1−POO.
The complementary events are the probabilities of finding an unknotted conformation,
PO, or a ring that does not entrap any other ring, POO.
An exponential decrease of the appearance of unknotted conformations PO ∼
exp(−N/N0) with a characteristic and model dependent “knotting length” N0 was found
in previous works [25, 28–32] and is a rigorous result for dilute lattice polygons [3]. This
functional form was explained by the abundance of local knots formed within the range
of a small number of bonds along the polymer as compared to knots that require the















Figure IV.1: Probability of finding no knot as function of the number of blobs.
scale, the probability of finding no knot then requires that consecutively no small section
of the molecule is knotted and thus the probability for finding an unknot is exponentially
decreasing as function of N .
Above we showed that for freely interpenetrating rings the same scaling laws apply
as for linear chains in semi-dilute solutions. In the following, we define the number of
monomers per blob, g, therefore, as
g = φ−1/(3ν0−1) (IV.1)
for simplicity. In the framework of the blob model, it is assumed that up to the size of
the blob, the chains are merely mutually repelling each other. The blob itself plays thus
the role of the basic monomer unit and the chain or ring on larger scale, composed of N/g
blobs, adopts conformations as in dense melts. If we combine this result with the above
findings on knotting probability, we can postulate that the simulation data is expected
to collapse onto a single curve, when plotting the probability of finding the “unknot” (an
unknotted ring [2]), PO, as function of the number of blobs N/g. This corresponds to
assuming the chain as a tube of diameter gν. Figure IV.1 demonstrates, that this rough
estimate nearly leads to a full collapse of the data. The line is a least squares fit of all
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data using
PO = exp (−(N/g − a)/N0) (IV.2)
similar to previous work [3]. The parameter a = 10 ± 5 reflects a minimum required
number of blobs to form a knot. We determine a knotting length N0 = 1820± 80 for the
simulations of the present study. Note that N0 depends strongly on excluded volume:
for random walks one finds N0 ≈ 340 [33, 34], while for bead-spring rings with excluded
volume one obtains, for instance N0 ≈ 8× 10
5 [28]. Our result is clearly larger than that
for the random walk. This might be due to the incomplete screening of excluded volume
on the length scale of individual monomers [35]. Since the knotting length is larger than
the largest N of the present study, we do not expect significant effects of knotting on ring
conformations for the non-interpenetrating samples as long as the rings remain swollen
or close to ideal conformations. Note that there must be an additional small systematic
decrease of PO with increasing N after the above rescaling of N by N/g as visible in Figure
IV.1. This is because blobs are soft objects allowing still for some residual knotting inside
the blob. Furthermore, the case N/g = 1 can be taken as approximation of isolated self-
avoiding walks that exhibit the above mentioned large knotting length. Both corrections
lead to an additional systematic decrease of the fraction of unknotted rings at constant
N/g for increasing N .
Let us introduce the average number of concatenated rings (linked rings) per ring, fn.
In order to estimate fn, we first neglect the effect of multiple concatenations between
the same pair of rings (for instance, link 421 in the standard notation [2]) for sufficiently
small N as supported by previous work [25, 36]. We now propose that the number of
concatenations per ring is proportional to the minimal surface ∼ R2 spanned by the
ring [47] as sketched in Figure IV.2. The number of rings in contact with the surface is
proportional to the density φ of the surrounding rings. Since for semi-dilute solutions all
square sizes (blob and ring) scale as R2 ∼ φ−0.23N [6, 37], we can approximate
fn ∼ φR
2
∼ φ0.77N . (IV.3)
With equation IV.3 we assume that a constant fraction of those ring conformations,
that touch the shaded area in Figure IV.2, leads to a concatenated state. This assumption
is reasonable for monodisperse melts, since because of N ≫ R/b essentially all overlapping
rings have the possibility to encircle the other ring independent of their relative position.
This has been demonstrated by the rather constant linking probabilities of pairs of rings
at distances < R in previous works [25, 38].
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Figure IV.3: Average number of pairwise concatenations per ring. Error bars are below symbol
size. Lines are theoretical estimates for φ = 1.
The average number of concatenations per ring, fn, is determined from the interpen-
etrating rings and shown in Figure IV.3. We find a good agreement with the prediction
φ0.77N of equation (IV.3) for N > 100 and a correction for small N that is discussed
below.














Figure IV.4: Probability POO that a ring is not linked to any other rings as function of the
average number of linked rings φ0.77N . Error bars are comparable to symbol size.
quicker with respect to N and φ than the overlap number of rings, defined as
P = φR3/N ≈ φ1−3(ν0−1/2)(3ν0−1)N1/2 ≈ φ0.65N1/2 . (IV.4)
Nevertheless, we expect a cross-over to an overlap-dominated regime at a critical degree
of polymerization N∗ at which
fn ≈ P. (IV.5)
Then, any ring will be concatenated with essentially all overlapping rings. Figure IV.3
indicates that this regime is not reached yet. Therefore, the degrees of polymerization in
the present study are all below N∗ and we can conclude N∗ > 1024.
In a previous work [39], an exponential decrease of POO as function of N was observed
for rings formed in end-linked model networks. In Figure IV.4, we plot POO as function
of φ0.77N and observe again a reasonable collapse of the data onto an exponential decay








similar to the one used for the non-knotting probability above. We find a = 8.8±0.3 and
a linking length NOO = 23.5±0.1 at φ = 1 in good quantitative agreement with previous
work [39].
Equation (IV.3) for fn can be improved by including the linking probability 1−POO as
shown in Figure IV.3 by the continuous line. Let us further introduce γ as the constant of
proportionality according to fn = γφ
0.77N(1−POO). From the simulation data in Figure
IV.3 we obtain γ = 0.034 ± 0.001. Thus, rings of roughly 50 monomers are needed at
φ = 0.5 to have an average of fn ≈ 1. For smaller rings, we do not expect a significant
effect of topology onto ring conformations.
It is also instructive to approximate POO by replacing Nφ
0.77 by fn/γ. For large fn
we obtain
POO ≈ exp (−fn) (IV.7)
up to a numerical coefficient of order unity. Thus, the number of unlinked ring confor-
mations decreases roughly exponential with the average number of concatenations for
sufficiently large fn. This shows that we require a contribution of order fn to the free
energy to describe the effect of non-concatenation.
Above we mentioned that we neglect Brunnian links. Besides the results of a previous
work [25], the agreement between theoretical predictions (which ignores whatever type of
linking may penetrate a ring) and our present data (based on pairwise linking) is a strong
indication that restricting the analysis to pairwise linking is a reasonable approximation
for the samples of the present study.
V. A FLORY THEORY OF RING CONFORMATIONS IN MELT
With the above results we have the missing data to discuss previous models [14, 16]
to explain the scaling of the size of non-interpenetrating rings. In the former model [14],
CD balance the entropy of confining an ideal ring with the loss of entropy caused by the











The optimum size of a ring polymer is then given by
R ∼ N2/5. (V.2)
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The second term is equivalent to assuming that all potentially overlapping rings share
topological interactions with each other. Our data in Figure IV.3 show that this is only the
case for molecular weights beyond the transition to the overlap dominated regime N > N∗
with N∗ > 103. However, the available simulation studies [11, 40, 41], including the results
of this work, see Fig.III.1, come to a different conclusion: the predicted exponent, ν = 2/5
from the CD-model agrees better with the simulation data up to N < 103. For larger
N , on the other hand, there are indications for a change in the scaling behavior towards
R ∼ Nν with ν close to 1/3 [15]. This is clearly surprising and we attempt to answer this
point by a step-wise construction of an alternative Flory-ansatz for ring conformations
in melt.
Moore and Grosberg [4] found that the effect of topology for large unknotted un-
compressed rings can be expressed in terms of an additional excluded volume. This, in
contrast to the native excluded volume, will not be screened in a melt of linear chains
with melt degree of polymerization > N1/2. Instead, the topological contribution stands
out and is balanced by the elasticity of the ring. Let us consider an isolated ring in a










and to a swelling of the ring which is analog to linear chains or rings in good solvent
R ∼ N3/5. (V.4)
Let us now return to a monodisperse melt of rings. By comparing the non-concatenated
and the interpenetrating rings we conjecture that the expulsion of fn rings out of the
volume of gyration of a given ring due to non-concatenation leads to a free energy con-
tribution ∼ fn ∼ R
2 for NOO < N < N
∗. This contribution dominates by far the elastic
free energy of swelling in Equation (V.3) for large N . Note that the swelling term is
appropriate to balance ring compression as long as ring size is not strongly compressed,
since then, the R-tube confining the ring (see ref. [5] for a detailed discussion) is not yet
compressed in length and width. Thus, for NOO < N . NC below the crossover to strong










Here, we formally introduced the entropy loss N/R2 upon squeezing an ideal ring. This
term is of minor importance and the free energy is controlled by balancing two merely
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topological terms. This results in an optimal ring size of
R ∼ N2/5. (V.6)
Note that our result for the ν-exponent is formally equivalent to the result by Cates and
Deutsch, but is obtained from a different estimate for non-concatenation for N < N∗
and a topological contribution which prevents strong compression of rings at N < NC .
According to the available data, for instance [42], it requires in melts at φ = 0.5 an
N > 512 to compensate the swelling of the rings due to incompletely screened excluded
volume [35]. The above scaling of ring size is supported by simulation data of rings
with moderate degree of polymerization [10, 42, 43] up to N . 103. We briefly note
that dropping the topological excluded volume term in equation (V.5) leads to R ∼
N1/4, a result that formally corresponds to ideal hyperbranched polymers and was found
previously for non-concatenated rings in an array of obstacles [44].
Grosberg et al. [5] and Sakaue [16, 45]discussed, that the unknotting constraint leads
to a free energy contribution that turns into ≈ N3/R6 for a large compression of rings.
This term results from the then dominating three body interactions among the monomers
of the ring and can be pictured as a simultaneous compression in length and width of a
the R-tube [5] that confines the ring. Such large compression is obtained above a critical










Again, the entropy loss upon squeezing a ring appears to be of minor importance for large
N . The equilibrium extension of compressed non-interpenetrating and unknotted rings
with NC < N < N
∗ is then given by
R ∼ N3/8. (V.8)
A scaling of ring size with a power < 2/5 for large N > 103 is supported by computer
simulation data as summarized, for instance, in Fig. 1 of Ref [15]. This suggest that
NC ≈ 10
3 for the particular simulation models referenced in [15].
To the best of our knowledge, there is no data available for N ≫ N∗. For such
large molecular weights, the non-concatenation contribution should be of the form as
originally proposed by Cates and Deutsch [14], since then, all overlapping rings will be
concatenated. Balancing this expression with the dominating non-knotting contribution
for large N yields R ∼ N4/9. It will be interesting to extend experimental or simulation
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data beyond N∗ in order to test whether this proposed regime correctly describes the
limiting behaviour for N → ∞. Furthermore we have to mention that the available data
suggests NC < N
∗ due to the observed change of the scaling behaviour of rings in melts.
However, NC < N
∗ is not necessarily a universal result, since N∗ depends on overlap
and the probability of trapping another ring, while NC is simply defined by the onset
of significant compression of the rings. Finally, we would like to stress that the above
Flory estimates have to be taken with care and that there is no guarantee that the above
exponents can be considered as exact. But the general trend of whether compression
becomes weaker or stronger in the particular regimes might be correctly reproduced.
Recently, Sakaue [16, 45] proposed an alternative model for the size of rings in melt.
The non-concatenation condition was introduced similar to the original CD model, which
is only correct for sufficiently large N > N∗ according to our simulation data. In contrast
to the work of Sakaue, we find a well defined scaling regime for ring size and not a
gradual transition from a power 1/2 to 1/3. Furthermore, our approach does not require
to postulate that the topological length scale may be a function of the melt molecular
weight. Since both models lead to quite similar predictions for rings size, it will be
difficult to decide, which one migth be more appropriate to describe conformations of
rings in melt by discussing only the size of rings in monodisperse melts. However, the
differences between both models should become most prominent in case of bimodal melts
of rings, which is, therefore, the subject of ongoing research.
VI. SUMMARY
In the present work, we compared the conformations of non-concatenated entangled
and interpenetrating disentangled melts of ring polymers. It was found that the swelling
of interpenetrating rings upon dilution follows the same laws as for linear chains. Knot-
ting and linking probabilities of ring polymers in semi-dilute solution were analyzed using
the HOMFLY polynomial. We find an exponential decay of the non-knotting probability
of rings. The correlation length of the semi-dilute solution can be used to superimpose
knotting data at different concentrations. A power law dependence fn ∼ φR
2 ∼ φ0.77N
for the average number fn of linked rings per ring at concentrations larger than the
overlap volume fraction of rings φ∗ is determined from simulation data. The fraction of
non-concatenated rings diplays an exponential decay POO ∼ exp(−fn), which indicates
fn to provide the entropic effort for not forming concatenated conformations. For very
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large overlap number P , it is expected that fn crosses over to fn ∼ P ∼ φN
1/2. The
cross-over defines a lenght scale N∗ which turns out to be very large, at least N∗ > 1024.
The exponential dependence of the non-linking probability as function of N in penetrat-
ing rings indicates a minimal degree of polymerization NOO, below which topology is
unimportant. Furthermore, the available simulation data [15] indicate a degree of poly-
merization NC < N
∗ at which ring compression crosses over from weak at N < NC to
strong N > NC .
Based upon these observations we discuss Flory-type free energy models for the regimes
separated by three cross-over degrees of polymerization, NOO, NC , and N
∗. For inter-
mediate degrees of polymerization NOO < N < NC below significant compression of the
rings, the scaling of ring conformations might result from balancing non-concatenation
with the swelling term of ring topology. This leads to ring sizes R ∼ N2/5. For larger
N > NC but still below the transition to the overlap dominated regime at N
∗, significant
compression of the rings can occur, where non-concatenation is now balanced by a free
energy contribution upon strong compression ≈ N3/R6, which implies R ∼ N3/8. This
slight decrease of the exponent from ≈2/5, towards a smaller value close to 1/3 agrees
with previous simulation results for larger rings [15]. Finally, for extremely long rings
with N > N∗, a further change in the scaling behavior is expected. Here, all overlapping
pairs of rings are concatenated and the scaling of fn ∼ R
2 turns over into the scaling of
the Flory number, fn ∼ R
3/N , which may lead to ring size R ∼ N4/9 which is, however,
rather speculative in view of lacking simulation data.
Even though a large part of the discussion is supported by the data presented in our
work the major challenge is to fully explore the limiting regime of very large N > N∗ and
to determine N∗. Furthermore, bidisperse blends of rings of different weight can serve as
critical test to clarify differences between the model presented here and previous models
[14, 16, 45] in literature.
15
VII. ACKNOWLEDGEMENT
ML would like to thank the DFG under grant LA2375/2-1 and the ZIH Dresden for a
generous grant of computing time under the project BiBPoDiA.
[1] W. H. Thomson. On vortex motion. Trans. R. Soc. Edinburgh, 25:217–260, 1869.
[2] C. C. Adams. Das Knotenbuch: Einführung in die mathematische Theorie. Spektrum
akademischer Verlag, Heidelberg, 1995.
[3] E. Orlandini and S. G. Whittington. Statistical topology of closed curves: Some applications
in polymer physics. Reviews of Modern Physics, 79(2):611–642, April 2007.
[4] N. T. Moore and A. Y. Grosberg. Limits of analogy between self-avoidance and topology
driven swelling of polymer loops. Phys.Rev.E, 72:061803, 2005.
[5] A. Y. Grosberg, A. Feigel, and Y. Rabin. Flory-type theory of a knotted ring polymer.
Phys. Rev. E, 54:6618–6622, 1996.
[6] P. G. de Gennes. Scaling Concepts In Polymer Physics. Cornell University Press, New
York, NY, 1991.
[7] E. Raphael, C. Gay, and P.G. de Gennes. Progressive construction of an ‘’Olympic” gel. J.
Stat. Phys., 89:111–118, 1997.
[8] G. T. Pickett. DNA-origami technique for olympic gels. Europhys. Lett, 76:616–622, 2006.
[9] M Müller, JP Wittmer, and ME Cates. Topological effects in ring polymers: A computer
simulation study. PHYSICAL REVIEW E, 53(5, Part b):5063–5074, MAY 1996.
[10] S Brown and G Szamel. Computer simulation study of the structure and dynamics of ring
polymers. JOURNAL OF CHEMICAL PHYSICS, 109(14):6184–6192, OCT 8 1998.
[11] Thomas Vettorel, Alexander Y Grosberg, and Kurt Kremer. Statistics of polymer rings in
the melt: a numerical simulation study. Phys. Biol., 6(2):025013, 2009.
[12] A. Rosa, E. Orlandini, L. Tubiana, and C. Micheletti. Structure and Dynamics of Ring
Polymers: Entanglement Effects Because of Solution Density and Ring Topology. Macro-
molecules, 44:8668–8680, 2011.
[13] G. Tsoulou, N. Stratikis, C. Baig, P. S. Stephanou, and V. G. Mavrantzas. Melt Struc-
ture and Dynamics of Unentangled Polyethylene Rings: Rouse Theory, Atomistic Molec-
ular Dynamics Simulaiton, and Comparison with the Linear Analogues. Macromolecules,
43:10692–10713, 2010.
16
[14] M. E. Cates and J. M. Deutsch. Conjectures on the statistics of ring polymers. J. de
Physique, 47:2121–2128, 1986.
[15] J. D. Halverson, G. S. Grest, A. Y. Grosberg, and K. Kremer. Rheology of Ring Polymer
Melts: From Linear Contaminants to Ring-Linear Blends. Phys. Rev. Lett., 108:038301,
2012.
[16] T. Sakaue. Ring polymers in melts and solutions: scaling and crossover. Phys. Rev. Lett.,
106:167802, 2011.
[17] I. Carmesin and K. Kremer. The Bond Fluctuation Method - A New Effective Algorithm
For The Dynamics Of Polymers In All Spatial Dimensions. Macromolecules, 21:2819–2823,
1988.
[18] W. Paul, K. Binder, D. W. Heermann, and K. Kremer. Crossover scaling in semidilute
polymer solutions: a Monte Carlo test. J. Phys. II France, 1:37–60, 1991.
[19] J.-U. Sommer, M. Schulz, and H. L. Trautenberg. Dynamic Properties Of Randomly Cross-
Linked Polymer Melts - A Monte-Carlo Study. 1. Diffusion Dynamics. J. Chem. Phys.,
98:7515–7520, 1993.
[20] M. Lang and J.-U. Sommer. Analysis of Entanglement Length and Segmental Order Pa-
rameter in Polymer Networks. Phys. Rev. Lett., 104:177801, 2010.
[21] M. Lang, D. Göritz, and S. Kreitmeier. Length of subchains and chain ends in cross-linked
polymer networks. Macromolecules, 36:4646–4658, 2003.
[22] M. Lang, W. Michalke, and S. Kreitmeier. Analysis of trapped entanglements in polymer
networks. J. Comp. Phys., 185:549–561, 2003.
[23] G. Gouesbet, S. Meunier-Guttin-Cluzel, and C. Letellier. Computer evaluation of homfly
polynomials by using gauss codes, with a skein-template algorithm. Appl. Math. Comput.,
105(2-3):271–289, 1999.
[24] P. Freyd, D. Yetter, J. Hoste, W. Lickorish, K. Millet, and A. Ocneanu. A new polynomial
invariant of knots and links. Bull. Am. Soc., 12:239–246, 1985.
[25] W Michalke, M Lang, S Kreitmeier, and D Göritz. Simulations on the number of entangle-
ments of a polymer network using knot theory. Phys. Rev. E, 64:012801, 2001.
[26] E. F. Casassa. Some statistical properties of flexible ring polymers. J. Pol. Sci. A, 3:605–
614, 1965.
[27] N. Clisby. Accurate Estimate of the Critical Exponent ν for Self-Avoiding Walks via Fast
Implementation of the Pivot Algorithm. Phys. Rev. Lett., 104:055702, 2010.
17
[28] K. Koniaris and M. Muthukumar. Knottedness in ring polymers. Phys. Rev. Lett., 66:2211–
2214, 1991.
[29] V. Katritch, W. K. Olson, A. Vologodskii, J. Dubochet, and A. Stasiak. Tightness of
random knotting. Physical review. E, Statistical physics, plasmas, fluids, and related inter-
disciplinary topics, 61:5545–9, 2000.
[30] A. Y. Grosberg and Y. Rabin. Metastable tight knots in a wormlike polymer. Phys. Rev.
Lett., 99:217801, 2007.
[31] B. Marcone, E. Orlandini, A. L. Stella, and F. Zonta. On the size of knots in ring polymers.
Physical Review E, 75:041105, 2006.
[32] N. T. Moore and A. Y. Grosberg. The abundance of unknots in various models of polymer
loops. J. Phys. A, 39:9081–9092, 2006.
[33] T. Deguchi and K. Tsurusaki. Topology of closed random polygons. J. Phys. Soc. Jpn.,
62:1411–1414, 1993.
[34] T. Deguchi and K. Tsurusaki. Universality of random knotting. Phys. Rev. E., 55:6245–
6248, 1997.
[35] J. P. Wittmer, P. Beckrich, H. Meyer, A. Cavallo, A. Johner, and J. Baschnagel. In-
tramolecular long-range correlations in polymer melts: The segmental size distribution and
its moments. Phys. Rev. E, 76:11803, 2007.
[36] M. Lang, S. Kreitmeier, and D. Göritz. Trapped Entanglements in Polymer Networks.
Rubber chemistry and technology, 80(5):873–894, 2007.
[37] M. Rubinstein and R. Colby. Polymer Physics. Oxford University Press, New York, NY,
2003.
[38] M. Lang. Bildung und Struktur von polymeren Netzwerken. PhD thesis, Universität Re-
gensburg, 2004.
[39] M. Lang, D. Göritz, and S. Kreitmeier. Network defects and visco-elasticity. In Constitutive
models for rubber IV, pages 349–359. AA Balkema, 2005.
[40] J. D. Halverson, W. B. Lee, G. S. Grest, A. Y. Grosberg, and K. Kremer. Molecular
dynamics simulation study of nonconcatenated ring polymers in a melt. I. Statics. J.
Chem. Phys., 134:204905, 2011.
[41] Jiro Suzuki, Atsushi Takano, Tetsuo Deguchi, and Yushu Matsushita. Dimension of ring
polymers in bulk studied by monte-carlo simulation and self-consistent theory. J. Chem.
Phys., 131:144902, 2009.
18
[42] M Müller, JP Wittmer, and ME Cates. Topological effects in ring polymers: A computer
simulation study. Phys. Rev. E, 53(5, Part B):5063–5074, MAY 1996.
[43] K. Hur abd C. Jeong, R. G. Winkler, N. Lacevic, R. H. Gee, and D. Y. Yoon. Chain
Dynamics of Ring and Linear Polyethylene melts from Molecular Dynamics Simulations.
Macromolecules, 44:2311–2315, 2011.
[44] Sergei P. Obukhov, Michael Rubinstein, and Thomas Duke. Dynamics of a ring polymer
in a gel. Phys. Rev. Lett., 73(9):1263–1266, Aug 1994.
[45] T. Sakaue. Statistics and geometrical picture of ring polymer melts and solutions. Phys.
Rev. E, 85:021806, 2012.
[46] M. Lang. Ring conformations in bidisperse blends of ring polymers. submitted.
[47] The properties of the minimal surface will be discussed in a forthcomming work [46].
[48] For simplicity, we drop all (numerical) constants in this section.
19
Table of Contents Graphic
Concatenation of rings
Michael Lang
Jakob Fischer
Jens-Uwe Sommer
0.1
1
10
10 100
f n
φ
0.77
N
φ=0.5
φ=0.375
φ=0.25
φ=0.125
γφ
0.77
N
γφ
0.77
N(1-POO)
R
20
